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Space-time modulation induced non-reciprocity in EM metasurfaces is proposed and numeri-
cally demonstrated using rigorous Generalized Sheet Transitions Conditions (GSTCs) under oblique
plane-wave incidence. It is phenomenologically shown that the space-time modulation of surface
susceptibilities create an inherent asymmetry with respect to the directional perturbation on the
metasurface and the transverse wave momentum of the input wave, between forward and backward
propagations, resulting in non-reciprocal wave transmission. Exploiting the periodicity of the sur-
face susceptibilities in both time and space, Floquet mode expansion method is used to rigorously
compute the scattered fields from, inherently dispersive metasurfaces, by solving GSTCs in combi-
nation with causal Lorentzian surface susceptibilities. Various harmonic solutions are shown and
the non-reciprocal wave transmission has been confirmed under oblique plane-wave incidence.
I. INTRODUCTION
Electromagnetic (EM) metasurfaces are two-
dimensional equivalents of volumetric metamaterials,
and are composed of 2D arrays of sub-wavelength
scatterers. By engineering these scatterers across the
surface, various interesting wave-shaping transforma-
tions can be achieved for various applications such as
generalized refraction, holography, polarization control,
imaging and cloaking, to name a few [1][2]. Metasurfaces
achieve such wave transformations as a result of complex
interplay between the electric and magnetic dipolar mo-
ments generated by the scatterers, which is sometimes
also referred to as a Huygens’ configuration [3][4]. A
convenient implementation of such metasurfaces are
using all-dielectric resonators, which naturally produce
the electric and magnetic dipoles moments, which when
properly designed, provide zero backscattering, resulting
in a perfect transmission [5][6][7].
A recently growing area of interest is reconfigurable
and time-varying metasurfaces, where the constitutive
parameters (surface susceptibilities, χe,m) of the metasur-
faces are real-time tunable. A more general description
of such dynamic metasurfaces, is a space-time modulated
metasurface, where the surface susceptibilities are both
a function of space and time, resulting in a travelling-
type perturbation on the metasurface. They are the
2D equivalents of general space-time modulated medi-
ums [8][9], which have found important applications in
parametric amplifiers and acousto-optic spectrum ana-
lyzers, [10][11][12], for instance. Space-time modulation
has led to various exotic effects such harmonic genera-
tion and non-reciprocity [13][14], that has also been re-
cently explored using metasurfaces [15][16] for advanced
wave-shaping applications. Their attractive features lies
in achieving non-reciprocity using purely non-magnetic
materials, which has important practical benefits in en-
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gineering systems, related to high frequency operation
and no requirement of a magnetic bias.
In this work, the space-time modulation induced non-
reciprocity is demonstrated and modelled using General-
ized Sheet Transition Conditions (GSTCs), which rigor-
ously models the EM behaviour of an ideal zero-thickness
metasurface. Since metasurfaces are constructed using
sub-wavelength resonators, they are operated around the
resonant frequencies where the EM waves have maximum
interaction with the metasurface. Consequently, these
metasurfaces are naturally very dispersive, i.e. χ˜e,m(ω) 6=
const. The geometrical shapes of the constituting scat-
terers are primarily responsible for their resonant be-
haviour, in spite of their design based on purely non-
dispersive materials (typically metals and dielectrics).
This operation of the metasurface in a dispersive (and
thus broadband) regime, demands a physical description
of these resonators consistent with the causality require-
ments. This in turn, requires a causal description of the
equivalent surface χe,m of the metasurface, in frequency
(or time domain), i.e. χ˜e,m = χ˜e,m(ω) or χe,m = χe,m(t).
This requirement is also critical in the accurate time-
domain modelling of general space-time modulated meta-
surfaces, where new spectral frequency components are
generated. This subsequently further necessitates a com-
plete description of the surface χe,m encompassing these
frequencies as well, in addition to the bandwidth of the
input excitation.
In this context, the non-reciprocal behaviour of a
general space-time modulated metasurface is demon-
strated here assuming Lorentzian surface susceptibili-
ties, which are naturally causal and rigorously capture
the fundamentally dispersive nature of EM metasurfaces.
This work presents space-time modulation induced non-
reciprocity in EM metasurfaces from a phenomenological
point of view, and demonstrating the predictions using
rigorous characterization of scattering fields produced by
physically motivated dispersive metasurfaces.
2II. SPACE-TIME MODULATION INDUCED
NON-RECIPROCITY
A. Metasurface Description
Consider a metasurface of Fig. 1, which is excited with
an incident plane-wave at an oblique angle for a given
excitation frequency ω0. The metasurface can be de-
scribed using electric and magnetic surface susceptibil-
ities, χee(x, t), χmm(x, t), which both are periodic func-
tions of space and time, for a general space-time mod-
ulated metasurface. Such a metasurface is known to
produce several harmonic frequencies in the scattered
fields refracted along different directions, as illustrated
in Fig. 1, and demonstrated in [17][18].
SPACE-TIME MODULATED
METASURFACE
z = 0
z
x
t
t
t
t
ψ(r, t) = ψ0(r, t) sin(ω0t)
χee(x, t), χmm(x, t) ψ2(r, t) sin{(ω0 − ωp)t}
ψ1(r, t) sin{ω0t}
ψ3(r, t) sin{(ω0 + ωp)t}
FIG. 1. A general Illustration of a space-time modulated
metasurface under oblique plane-wave incidence resulting in
generation of several frequency harmonics, refracted along dif-
ferent angles. ωp is the pumping frequency.
Metasurfaces can be seen as space-discontinuities, and
their exact EM characteristics can be rigorously modelled
using GSTCs [19][20]. For the metasurface configuration
illustrated in Fig. 1, the time-domain GSTCs are given
by [21]
zˆ×∆H = ǫ0
dQ||
dt
− zˆ×∇||Mz (1a)
∆E× zˆ = µ0
dM||
dt
−∇||Qz × zˆ, (1b)
where ∆ψ and ψav are the field difference and average,
between the total fields in transmission and reflection,
respectively; Q||(t) = F
−1{Q˜||(ω) = χ˜ee(ω)E˜av(ω)} and
M||(t) = F
−1{M˜||(ω) = χ˜mm(ω)H˜av(ω)} are the tan-
gential electric (normalized) and magnetic surface po-
larizations, in terms of surface susceptibilities; and Qz
and Mz are the longitudinal polarization densities. For
simplicity in the subsequent analysis we make an as-
sumption that the longitudinal polarizations are zero, i.e.
Pz = Mz = 0. This assumption has no fundamental im-
plications on the results of this work.
B. Principle
A space-time modulated metasurface can be described
by introducing a travelling periodic modulation of the
surface susceptibilities such that
χee(x, t) = χee {ωmt− βmx}
χmm(x, t) = χmm {ωmt− βmx} , (2)
where ωm and βm are the modulation (or pumping) fre-
quency and modulation wavenumber, respectively. Here
a 2D problem is assumed throughout for simplicity, where
any variation of the field quantities is zero along the
y−direction. A good choice of a causal and a physical
description of static time-domain surface susceptibilities
is a Lorentz response given by
χ˜ee(ω) =
ω2p
(ω2r − ω
2) + jαω
=
Q˜(ω)
E˜(ω)
, or (3a)
d2Q(t)
dt2
+ α
dQ(t)
dt
+ ω2rQ(t) = ω
2
pE(t) (3b)
in either frequency or time domain, where ωp, ωr and
α are the plasma frequency, resonant frequency and the
loss coefficient, respectively. While the susceptibilities
are modelled here using a single Lorentzian contribution
for simplicity, a more practical dispersion profile can eas-
ily be constructed using multiple Lorentzians. The space-
time modulation of the surface susceptibilities can now be
introduced by varying the parameters of these equivalent
Lorentz resonators. In this work for simplicity, we assume
that its the resonant frequency only, that is space-time
varied following a periodic modulation given by
ωr(x, t) = ωr{1 + ∆m cos(ωmt− βmx)}, (4)
where ∆m is the modulation index with |∆m| ≤ 1, and
ωr is the static value of the resonant frequency.
Let us consider the illustration of Fig. 2, where an
oblique propagating plane-wave at ω0, is incident on a
matched space-time modulated metasurface. For a static
metasurface, according to Snell’s law, sin θout = sin θin,
so that the transmitted wave has the same angle of prop-
agation as the input. Now lets introduce the space-time
modulation on the metasurface. Due to the fixed and
specified direction of the susceptibility perturbation on
the metasurface, the transverse wave momentum in for-
ward transmission, KFWDx , is parallel to the suscepti-
bility perturbation along +x. However, when the same
wave is launched back from the transmission side at the
same incidence angle, the transverse wave momentum,
KBWDx , is anti-parallel to the susceptibility perturbation.
Therefore the scattered fields in the forward transmis-
sion mode are expected to be different from the fields
3KBWDx
KFWDz
KBWDz
E0
Et
x
z
KFWDx
µ0, ǫ0
χ(x, t)
FIG. 2. Intuitive explanation of non-reciprocal behaviour in
space-time modulated metasurfaces. The transverse momen-
tum of the incident wave, KFWDx , is parallel to the direction of
surface susceptibility perturbation (along +x) in the forward
transmission, compared to being anti-parallel in the backward
transmission. Metasurface is assumed to be matched.
in the backward transmission mode. This implies that
the space-time modulated metasurface is inherently non-
reciprocal under oblique incidence. The symmetry is nat-
urally restored for the case of normal incidence, where
non-reciprocity cease to exist.
C. Field Equations
To rigorously demonstrate the non-reciprocal nature
of space-time modulated metasurfaces, consider a Trans-
verse Electric (TE) plane-wave incident on an infinite
metasurface as shown in Fig. 3. The incident tangential
fields are given (time convention here is ejωt) by
E0(x, z = 0−, ω) = E0e
−jk0 sin θ0x yˆ,
H0,||(x, z = 0−, ω) = −
E0 cos θ0
η0
e−jk0 sin θ0x xˆ (5)
For the assumed matched metasurface with R = 0, this
periodic modulation of the susceptibility implies that the
transmitted fields at z = 0+ will also be periodic in both
space and time so that they can be expanded in terms of
a Floquet series as [22],
Et(x, 0+, t) =
∞∑
n=−∞
bne
j(ω+nωm)te−j(k0 sin θ0+nβm)x yˆ,
(6)
Each term of this expansion represents a plane-wave at a
frequency ωn = (ω+ nωm) travelling at an oblique angle
θn given by
sin θn =
(
k0 sin θ0 + nβm
k0 + nkm
)
. (7)
H0
E0
Et,n
Ht,n
x
z
θ0
χ = f(x− vt) nth-harmonic
µ0, ǫ0
θn
FIG. 3. Field configuration showing the nth harmonic of the
Floquet expansion of (6), for an oblique plane-wave interact-
ing with a space-time modulated metasurface.
For propagating field solutions in the transmission half-
space, −1 ≤ sin θn ≤ 1, so that the corresponding ranges
of harmonic index n are given by
nmin = −
k0(1 + sin θ0)
βm + km
≤ n ≤
k0(1 − sin θ0)
βm − km
= nmax.
(8)
Rest of the Floquet components correspond to surface
waves on the metasurface and evanescent along the longi-
tudinal z−direction. Finally, the tangential H-fields cor-
responding to the transmitted scattered E-fields of (6),
can be written as
Ht,||(x, t) = −
∞∑
−∞
En
η0
cos θn xˆ
with cos θn =
√
1−
(
k0 sin θ0 + nβm
k0 + nkm
)2
. (9)
Substituting (5), (6) and (9) in (1), we get
ǫ0
2
{
dQt,||(x, t)
dt
+
dQ0(x, t)
dt
}
= Ht,||(x, t) +
E0(x, t) cos θ0
η0
,
(10)
which is the first field equation, where Qt,||(x, t) =
F−1{Q˜t,||(x, ω) = χ˜ee(ω)E˜t(x, ω)} and Q0,||(x, t) =
F−1{Q˜0,||(x, ω) = χ˜ee(ω)E˜0(x, ω)}, respectively. It
should be noted that while we have used the first choice
of the GSTC equation (1a) here, the second choice of
4(1b) could have also been used in terms of magnetic sus-
ceptibility, which also follows a Lorentzian response. In
that case of second choice, the magnetic susceptibility
must be carefully defined in relation to the specified elec-
tric susceptibility, in order to maintain the underlying
assumption of a matched metasurface. For the general
case of a mismatched metasurface, both GSTCs must be
considered to include the non-zero reflection.
Following the assumed Lorentzian susceptibilities of
(3), we get
d2Q0/t,||(x, t)
dt2
+ ω2r(x, t)Q0/t,||(x, t) = ω
2
pE0,t(x, t).
(11)
for each of the transmitted and incident surface polar-
izabilities. Equations (10) and (11) represents in total
three field equations, for the primary unknown Et(x, t),
and two auxiliary unknowns Q0,||(x, t) and Qt,||(x, t). It
should be noted, that the assumption of a matched meta-
surface has led to this simple set of field equations, either
in terms of purely electric or magnetic surface polarizabil-
ities.
χ = f(x+ vt)
E+0 (ω0)
E−0 (ω0)
E−0 (ω0)
x
z
θ0
θ0
χ = f(x− vt) µ0, ǫ0
FIG. 4. Field configuration for testing the non-reciprocal
characteristics of a space-time modulated metasurface. Solid
orange curve corresponds to forward transmission, and the
dashed blue curve corresponds to an equivalent backward
transmission, i.e. βm → −βm.
The non-reciprocal nature of the space-time modulated
metasurfaces can be inferred also from direct observation
of these field equations, as follows. The above field equa-
tions are developed naturally for forward transmission
with E0(ω0)
+ as shown in Fig. 4. The backward trans-
mission with E0(ω0)
−, through the metasurface, on the
other hand, can be equivalently modelled in terms of for-
ward transmission by reversing the direction of the sus-
ceptibility modulation, i.e. βm → −βm for same θ0. This
results in: 1) a different range of the harmonic indices n
in the Floquet series of (6), given by
−
k0(1− sin θ0)
βm + km
≤ n ≤
k0(1 + sin θ0)
βm − km
, (12)
compared to that for forward transmission, i.e. (8).
2) The first field equation (10), is modified through
Ht,||(x, t) as the definition of cos θn changes to,
cos θn =
√
1−
(
k0 sin θ0 − nβm
k0 + nkm
)2
modifying (9). Therefore, the forward and backward
wave transmissions are governed by two different set
of field equations, from which different scattered fields
are naturally expected. It should also be noted from
Fig. 4, that the backward transmission is also equivalent
to maintaining the direction of modulation along +x, but
reversing the angle of incidence, i.e. θ0 → −θ0 for same
βm. It can be easily verified that the resulting ranges of
indices n and the field equations are identical to when
βm → −βm for same θ0.
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FIG. 5. Output harmonic spectrum in forward transmission,
computed using the three fields equations of (14) for the case
of plane-wave a) with normal incidence for modulation along
+x and −x, respectively. b) with +x modulation βm > 0, for
two angles of incidence, θ0 = 0
◦ and θ0 = 45
◦. The Lorentzian
parameters are: ωp = 2π(50 GHz), ωr = 2π(225 THz),
the excitation frequency ω0 = 2π(230 THz), the pumping
frequency ωm = 0.025ω0 and the pumping wave number
βm = 10π/(25µm). Only first ±10 harmonics are shown along
with the fundamental.
III. NUMERICAL DEMONSTRATION
A. Field Solutions
To solve the field equations derived in the previous
section, let us expand the surface polarizabilities corre-
sponding to incident and transmitted fields using Floquet
series as,
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FIG. 6. Output harmonic spectrum in forward and equivalent
backward transmission for an obliquely incident plane-wave at
an angle of a) θ0 = 30
◦ and b) θ0 = 45
◦. The metasurface
parameters are the same as in Fig. 5. Both propagating and
evanescent harmonics are shown
Q0(x, t) =
∞∑
−∞
ane
j(ω+nωm)te−j(k0 sin θ+nβm)x (13a)
Qt(x, t) =
∞∑
−∞
cne
j(ω+nωm)te−j(k0 sin θ+nβm)x, (13b)
where an and bn are unknown coefficients to be deter-
mined. Substituting the Floquet forms of all the three
unknowns, (6) and (13), in the field equations (10) and
(11), and rearranging the terms with |E0| = 1, we get
(14a), (14b) and (14c), where the series is truncated to
(2N + 1) terms. These three equations represent three
set of linear equations. Since the nth coefficient in (14a),
(14b) corresponding to Lorentzian relations, are coupled
to neighbouring coefficients, (n = ±1) and (n = ±2), the
following boundary conditions are enforced to solve the
required unknowns:
a−N−1 = a−N−2 = 0, aN+1 = aN+2 = 0. (15)
These boundary conditions make the assumption that N
is sufficiently large that coupling into these modes is neg-
ligible. With these conditions, the three sets of equations
can now be easily expressed in terms of a matrix form and
solved for the unknown Floquet coefficients.
B. Results
Let us consider an initial case of normal plane-wave
incidence on a non-modulated metasurface. Substituting
∆m = 0 in (14a), (14b) and (14c), and solving for n = 0
harmonic, gives
b0(ω0) =
(
2c(ω2r − ω
2
0)− jω0ω
2
p
2c(ω2r − ω
2
0) + jω0ω
2
p
)
. (16)
This is an all-pass (phase-only) transfer function with
|b0| = 1, as expected. Next, let us add the modula-
tion, while maintaining the normal plane-wave incidence
(with zero transverse momentum). From the illustration
of Fig. 4, it can be expected that the direction of mod-
ulation should have no impact on the strength of the
scattered fields, in this case. Fig. 5(a) confirms this pre-
diction and shows the exact same strength of the Floquet
harmonics for susceptibility modulation along either +x
or −x direction. However, the situation is different, be-
tween normal (kx = 0) and oblique plane-wave incidence
(kx 6= 0), so that the harmonic strengths of the scattered
fields vary greatly with specified angle of incidences, as
shown in Fig. 5(b).
Next, to test the non-reciprocal behaviour of the meta-
surface, As explained in Sec. II-B, the field equations are
solved for two situations modelling a) forward transmis-
sion with θ0 6= 0 and βm > 0, and b) an equivalent
backward transmission with θ0 6= 0 and βm < 0. Fig. 6
shows the computed results for two cases of angle of inci-
dences. As expected, for the given choice of modulation
parameters, the harmonic strengths are different between
forward and backward transmissions (∆b0 6= 0), confirm-
ing the non-reciprocity in space-time modulated metasur-
faces. In more practical terms, if a wave at ω0 is incident
on a metasurface at an angle of θ0, its transmission co-
efficient is different from the case, when it is transmitted
back from the opposite side of the surface at the same
angle and frequency. It should also be noted that, apart
from the fundamental frequency of interest, all other har-
monics also have significantly different strengths between
forward and backward transmission.
IV. CONCLUSIONS
Space-time modulation induced non-reciprocity in EM
metasurfaces has been proposed and numerically demon-
strated using rigorous GSTCs for oblique plane-wave in-
cidence. It has been phenomenologically shown that the
space-time modulation of surface susceptibilities create
an inherent asymmetry with respect to the directional
perturbation on the metasurface and the transverse wave
momentum of the input wave, between forward and
backward propagations, resulting in non-reciprocal wave
transmission. Exploiting the periodicity of the surface
susceptibilities in both time and space, Floquet mode ex-
pansion method has been used to rigorously compute the
scattered fields from the metasurface by solving GSTCs
in combination with Lorentzian surface susceptibilities.
Various harmonic solutions have been shown and the
non-reciprocal wave transmission has been confirmed un-
der oblique plane-wave incidence.
No effort has been made in this work to optimize or en-
hance the non-reciprocal wave transmission through the
metasurface at the fundamental frequency, by varying the
modulation parameters ωm and βm for a given choice
of Lorentzian parameters of the surface susceptibility.
6N∑
−N
[
∆2mω
2
r
4ω2p
an−2 +
∆mω
2
r
ω2p
an−1 +
{
ω2r
ω2p
−
(ω0 + nωm)
2
ω2p
+
∆2mω
2
r
2ω2p
}
an +
∆mω
2
r
ω2p
an+1 +
∆2mω
2
r
4ω2p
an+2
]
ejnωmte−jnβmx = 1 (14a)
N∑
−N
[
∆2mω
2
r
4ω2p
cn−2 +
∆mω
2
r
ω2p
cn−1 +
{(
ω2r
ω2p
−
(ω0 + nωm)
2
ω2p
+
∆2mω
2
r
2ω2p
)
cn − bn
}
+
∆mω
2
r
ω2p
cn+1 +
∆2mω
2
r
4ω2p
cn+2
]
ejnωmte−jnβmx = 0
(14b)
N∑
−N

j (ω0 + nωm)2c an +
√
1−
(
k0 sin θ0 + nβm
k0 + nkm
)2
bn + j
(ω0 + nωm)
2c
cn

 ejnωmte−jnβmx = cos θ0 (14c)
Given the complexity of the problem and large number
of physical parameters involved, more extensive work on
maximizing and exploiting non-reciprocity from space-
time modulated metasurfaces, is required. However, the
Floquet mode expansion method presented here-in, pro-
vides an ideal analytical tool to investigate the potential
applications of space-time modulation in various wave-
shaping applications.
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